A mathematical model is developed to simulate the radial motion of cavitation bubbles. The heat and mass transports including phase change are formulated precisely. In order to reduce the computational cost without loss of the important thermo-fluid phenomena, two simplifications are employed: time-dependent bubble radius is described using the Rayleigh-Plesset equation; the pressure in the bubble is assumed to be uniform in space. For validation of the model, the transient radial motion of an air bubble in water is observed experimentally. A shock tube is used to make the sudden pressure reduction from atmospheric to below the saturated vapor pressure. The bubble radius is measured by high-speed photography, in which an interferomtric laser imaging technique is used for accurate determination of the initial bubble radius. The radial motion is successfully predicted by using this model. The temperature reduction at the bubble wall is a predominant factor on the bubble growth rate under superheated conditions, even if the liquid temperature is close to room temperature. The numerical result indicates that the growth rate is very sensitive to initial bubble radius, ambient pressure, and liquid temperature.
Introduction
Growth and collapse of bubbles are fundamental processes in cavitating flow. The primary mode of these phenomena is the radial motion due to pressure change, though the deformation from spherical shape is another important process in these phenomena. Even if spherical symmetry is assumed, several complicated thermo-fluid mechanisms should be considered. Especially, gas dynamics, heat and mass transport, and phase change at the bubble wall play dominant roles in the radial motion of the bubble. Intensive mathematical models including these dominant factors have been proposed in previous studies [see the text by Brennen (1) and Refs. (2)- (9)].
In order to incorporate the detailed single bubble dynamics in real cavitating flow simulation, the mathematical model must be simple but still holds the dominant thermo-fluid mechanisms. Although remarkable progress has been achieved in recent research on sonoluminescence bubble (10) - (14) , the mathematical model suitable for bubble dynamics in cavitating flow is not fully established yet. For example, on one hand, isothermal expansion with uniform compositions in the bubble is assumed in many models (1) . This is too simplified to describe the bubble motion. On the other hand, Vol. 3, No. 8, 2008 full-Navier-Stokes equations including chemical reactions are solved based on computational fluid dynamics technique (12) . This may be too time-consuming approach to simulate the bubble motion in cavitating flow.
Here we developed a mathematical model on the dynamics of a spherical bubble containing noncondensable gas and vapor. We considered the temperature and gas concentration distributions of bubble interior as well as exterior, binary diffusion of gas/vapor in the bubble, and non-equilibrium phase change including temperature discontinuity at the bubble wall. In order to simplify the model, we assumed the pressure in the bubble is uniform in space. The Rayleigh-Plesset equation was used to track the time-dependent bubble radius. These two simplifications are consistent in cavitation bubble dynamics, and are effective to reduce the computing time.
In order to validate this mathematical model, we then observed dynamic bubble motion due to pressure change. Experimental works are less in this subject than the theoretical and computational ones. Using a shock tube, we measured the time-dependent bubble radius due to sudden pressure reduction by high-speed photography. Since expanding bubble has much larger radius than the initial one, we used dual imaging techniques: an interferometric laser imaging (15) for small bubbles and a shadow imaging with backlight illumination for large bubbles. By using the interferometric laser imaging technique, we determined the initial bubble radius accurately within O(1 μm), which is required to predict the motion correctly. The experimental data was compared with the prediction based on this mathematical model. In this paper, we did not pay our attention to the bubble motion due to pressure rise. In this case, the bubbles no longer remain their original spherical shape occasionally, which is beyond the scope of this study. We obtained a satisfactory agreement between the experiment and the prediction. Finally, we examined the sensitivity of experimental conditions on the bubble growth rate due to pressure reduction. We found that a small variation of the initial bubble radius, liquid temperature, and pressure yields large difference in the growth rate. 
The Mathematical Model
To formulate the model, we used a set of conservation equations for the convective/diffusive heat and mass transport in radial direction. At the bubble wall, we considered the non-equilibrium evaporation/condensation with heat sink/release and the absorption/exsolution of the noncondensable gas. We assumed that the pressure in the bubble is time-dependent but spatially uniform, and that the Rayleigh-Plesset equation can be used to track the time-dependent bubble radius. These two assumptions are valid in almost all the stages of the bubble motion (11) , (13) .
In the bubble
The mass conservation for the density of noncondensable gas/vapor mixture is (16) 
The mass fraction of gas and vapor, denoted by ω α = ρ α /ρ G (α = g: gas, v: vapor), satisfies (16) ( )
and ω g + ω v = 1. The mass flux ρ G ω α u α is the sum of convective mass flux and binary diffusion between gas and vapor:
where the mass diffusion due to temperature or pressure gradient (13) is neglected.
Governing equations for velocity, pressure, and temperature are derived using the conservation law for energy and the equation of state under the assumption of the uniform pressure in space.
The gas constant and specific heats of the mixture are defined using the fraction ω:
Employing the perfect gas law, the mixture pressure p G = ρ G ℜ G T G . If the spatial uniformity of p G is satisfied, the conservation of energy for the mixture is
where e G (= c vG T G ) and h G (= c pG T G ) are the specific internal energy and enthalpy of the mixture, respectively. The heat flux q is (11) ( )
in which the energy dissipation due to viscosity is neglected because of its minor effect (5) .
Substituting p G in e G and h G , and with using the mass conservation equations (1) and (2), the left-hand-side of Eq. (5) is readily transformed into
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This is a similar formula by Nigmatulin et al. (2) , though it was derived using a slightly different energy equation. Equation (7) at r = R leads to
in which the mass averaged velocity at r = R is
Note that the sign of mass flux m & is positive when the flux is into the bubble. Temperature field is also determined using Eq. (5) in a simplified form as
. (10) We calculated ρ G (r, t), ω g (r, t), u G (r, t), p G (t), and T G (r, t) by using Eqs. (1), (2), (7), (8),
and (10) with R, R & , and m & .
In the liquid
In order to reduce the computational cost, the continuity and momentum equations for liquid are replaced by a modified Rayleigh-Plesset equation (Fujikawa and Akamatsu (17) ), in which the liquid compressibility and mass flux at the bubble wall are taken into account:
where the liquid pressure at the bubble wall p Lw is
( 1 2 ) Consequently, the velocity field has a simple form as
The temperature T L satisfies the energy equation at a constant liquid density ρ L :
Convective and diffusive transport of dissolved noncondensable gas is (15) 
where ω gL denotes the mass fraction of the gas in the liquid (=ρ gL /ρ L ), and the mass flux
We calculated R(t), T L (r,t), and ω gL (r,t) due to varying the liquid pressure p L∞ (t) by using Eqs. (11), (14), and (15), respectively. 
At the bubble wall
Substituting (16) and (13) at r = R into Eq. (17), we obtain
where the dissolved gas fraction at the bubble wall ω gLw is given by the Henry's law:
& is given by a modified Hertz-Knudsen formula (18) :
where the saturated vapor pressure p vs =p vs (T Lw ) and the partial vapor pressure
The gradient of ω g satisfies the relation derived from Eqs. (3) and (9) as:
The heat balance at the wall is written using the latent heat of evaporation L v :
where the heat due to dissolution of gas is neglected.
The temperature jump at the wall is (19) .
Other boundary conditions
At the bubble center (r = 0), all the variables satisfy the zero-gradient condition:
Far from the bubble (r = ∞), all the variable except the pressure p L∞ are unperturbed:
Physical properties
We simulated the motion of an air bubble in water. The ρ-p-T relations of gas and vapor were calculated using the perfect gas law with the gas constant ℜ [J/(kg K)] = ℜ 0 /(M/1000) where ℜ 0 denotes the universal gas constant (=8. The thermal conductivity for gas/vapor mixture λ G (ω g ,T) was obtained by the Wassijewa formula (20) :
in which the thermal conductivity of single component gas was estimated using the Surtherland law (21) : Accommodation factor a in Eq. (20) was 0.4 for water (18) . 
2.6 Numerical method A finite difference method was employed to solve the governing equations. These equations were transformed into a boundary fitted coordinate r = R(τ)f(τ,y) with t = τ. f(τ,y)
is a nondimensional function to control the grid spacing. Obviously, f = 1 always indicates r = R. In order to resolve the thermal and concentration boundary layers close to the bubble wall, we made finer grid spacing close to the wall than others by using cubic polynomial functions for f. The spatial derivatives were discretized by means of second-order central difference. The second-order Crank-Nicholson scheme was used for the time integration. 34 grids were placed in the bubble, while 102 grids were placed in the liquid. The minimum mesh spacing is 1 μm. The time step was set at 1.4×10 -8 s initially, which was shorten until converged solution is obtained in each time step. Initial physical quantities were given for T = T 0 , p L = p L0 , and R = R 0 . The radial velocity dR/dt was equal to zero initially. Further information on this numerical method is found in Takemura and Matsumoto (5) and Kawashima et al. 
Experiments
We observed the radial motion of an air bubble in water due to sudden decompression.
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Figure 1 shows schematic diagram of the experimental setup. A vertical glass shock tube was used to generate sudden pressure change. The tube has 5 m in total length and 50 mm in inner diameter. An acrylic observation section (0.3 m in length), in which water is poured, was attached to the bottom end of the tube. The section has an octagonal shape for convenience in optical access. A bubble generator to make a single air bubble was placed at the bottom of the section. Initially, a thin plastic diaphragm was placed between the glass tube and the acrylic part to make the pressure difference.
A pressure transducer (Kulite, XTM-190L) was mounted at sidewall of acrylic test section to measure the varying pressure. The liquid temperature was recorded by a thermocouple. A couple of high-speed digital video cameras (NAC, MEMRECAMfx 6000 and K3) were used to capture the images during the bubble radial motion. One was for shadow imaging and another was for the interferometric laser imaging (ILI) (15) . The light sources were used a white LED strobe for shadow imaging and a
Q-switched semiconductor pulse Laser (Laser Compact LCS-DTL-314QT-20, 20
μJ/pulse@1kHz; wave length: 532 nm; the pulse width: < 10 ns@1 kHz) for ILI. The time-dependent bubble radius was measured mainly from the shadow image of the bubble. However, since the camera has limited pixels (512×512 pixels) for the shadow imaging, the spatial resolution was set 17 μm/pixels to capture the maximum bubble radius up to 10 mm. Thus, in order to resolve the initial stage of the bubble motion, we used the ILI optical system. Using the ILI method, we measured the diameter of transparent spherical particles as the number of fringes. With the aid of digital image processing, we determined the diameter with the resolution of O(1 μm). This precision is required to determine the initial bubble radius for the numerical prediction.
We used distilled water as the liquid. The liquid temperature was room temperature in the range from 23 °C to 26 °C. The initial pressure of the glass tube was in the range from 40 kPa to 1 kPa. After the tube is evacuated, an air bubble whose diameter was O(0.1 mm) is injected manually by the bubble generator. The bubble rose by buoyancy. The scattered light from the bubble in the laser beam was detected by an optical diode to make a trigger signal. After the signal was detected, the diaphragm was automatically ruptured by electric heating. Simultaneously, the high-speed video cameras were started.
As we show in the next section, the surrounding pressure must be determined with the accuracy of O(0.1 kPa). However, we found that the sensitivity of the pressure transducer was slightly reduced in this experiment, because the transducer surface was exposed in cooling gas during expansion in the low-pressure-part of the tube. In order to minimize the temperature effects on the transducer signal, we calibrated the pressure sensitivity in following way. We measured the radius-time curve using this system under the initial low pressure of 10 kPa. Then, we calculated the radius-time curve using this mathematical model, in which we used the same pressure-time curve in the experiment. We determined the pressure sensitivity to fit the numerical R-t curve with the experimental one. Note that we used this sensitivity in all the calculations with other conditions shown in later. 
Results and Discussion

Comparison of radius-time curves in experiments with predictions
We compare the radius-time curves measured in the shock-tube experiment with the numerical prediction based on the mathematical model given in Section 2. Experimentally obtained pressure-time curves are used as p L∞ in the calculation.
Firstly, in Fig. 2 , we show the radial motion due to 'mild decompression', which means the minimum pressure is above the saturated vapor pressure. In this case, bubbles do not exhibit explosive growth by evaporation. The initial difference between the low pressure section (the glass tube) and the observation section is varied from 60 to 90 kPa in every 10 kPa. The upper graph shows the experimentally obtained pressure-time curves normalized by atmospheric pressure. The lower graph shows the time history of radius normalized by the initial value. Symbols represent the experimental data, while lines are the calculation results. The different symbols indicate difference of reduced pressure level.
The pressure-time history is separated into three stages: (1) rapid decompression (< 5 ms), (2) constant low pressure (5 ms < t < 20 ms), (3) positive pressure pulse due to the reflection of shock wave in the end of the glass tube.
In all the cases, the bubbles grow quickly until 5 ms due to the rapid decompression. After the growth is ceased, they keep a maximum radius as the ambient pressure keeps a constant value. Then, they contract suddenly as the positive pressure pulse is applied. In this contracting phase, they become non-spherical. In some cases, they fragment into tiny bubbles. We do not show the bubble-radius in Fig. 2 after the bubbles deforms from their original spherical shape. The numerical prediction agrees well with the experiment in all the cases.
We evaluate the effect of mass transport in Fig. 3 . The solid line shows the same curve as shown in Fig. 2 (Δp = 90 kPa). The broken line is the numerical result in which the mass transport across the bubble wall is excluded. Excluding the mass transport, the maximum bubble radius is substantially smaller (13%) than the experimental value. Some instantaneous temperature distributions of the gas-vapor bubble with mass flux at the bubble wall are shown in Fig. 4 . The distribution becomes uniform at t = 10 ms, because this time is larger than the characteristic time of thermal diffusion into the bubble,
, which is O(1 ms) for R = 0.1 mm. Thus, the maximum radius at t = 15 ms is equal to the isothermally equilibrium radius with a constant vapor pressure. Next, we show the bubble motion due to 'large pressure reduction', in which the minimum pressure is below the saturated vapor pressure. Figure 5 shows a typical example of such a motion. The initial bubble radius, which is measured by ILI method, is 0.118 mm. The upper graph in Fig. 5(b) is the experimentally-measured pressure-time history. The initial pressure difference between the low pressure and the observation sections is 99 kPa. Consequently, the pressure is below the saturated vapor pressure (25.5 °C, p vs = 3.238 kPa) from t = 12 ms to 22 ms.
The radius-time curves are shown in the lower graph of Fig. 5(b) . The symbols (○) indicate the experimental results using the shadow imaging. Since the evaporation at the bubble wall becomes predominant for the radial motion, the bubble expands continuously until it experiences a small positive pressure jump. The maximum bubble radius (3.41 mm) at t = 22.5 ms is 30 times larger than the initial value (0.118 mm).
The numerical calculation is performed using the pressure in the upper graph in Fig. 5(b) as the liquid pressure p L∞ (t). The lines in the lower graph in Fig.  5(b) represent the numerical predictions based on our model (solid line) and the isothermal model (broken line). The isothermal model is that the gas pressure at the bubble wall is given by p gw = p g0 (R 0 /R) 3 However, the isothermal approximation predicts substantially larger growth rate than the experimental data owing to neglecting the temperature change at the bubble wall. The time histories of wall temperatures T Lw and T Gw are displayed in Fig. 6 . Large temperature drop occurs at the bubble wall after t = 8.5 ms, at which the liquid pressure p L∞ approaches the saturated vapor pressure. This temperature reduction means that the evaporation is limited by the heat flux through the liquid phase. Steep temperature gradient is generated close to the bubble wall, as shown in Fig. 7 , after the liquid pressure approaches the saturated vapor pressure (t > 10 ms). Additionally, the wall temperature of liquid T Lw is different from T Gw because of the non-equilibrium evaporation (Eqs. (20) and (23)). In conclusion, the non-uniformity of temperature in space is not negligible in the dynamic growth in superheated conditions, even if the liquid temperature is close to room temperature. Figure 8 shows the concentration distributions of noncondensable gas from t = 10 ms to 14 ms. The non-uniformity of the distribution is weak, though the averaged gas concentration rapidly decreases as the water vapor comes into the bubble. for R = 2 mm. Thus, the binary diffusion has minor effects in the growth of the cavitation bubble in room temperature, though it has considerable influences in the collapse of the bubble (11) .
Sensibilities of typical experimental conditions on the bubble motion
In this section, we explore the sensibility of typical experimental conditions, initial bubble radius R 0 , pressure-profile (pressure difference Δp), and initial liquid temperature (T L0 ), on the motion of a vapor/gas bubble. Figure 9 shows the radius-time curves for three different initial radii (R 0 = 0.09 mm, 0.10 mm, and 0.11 mm, respectively). In this calculation, the initial surrounding liquid pressure is (p L0 ) was assumed to be 100 kPa. At t = 0, the pressure suddenly decreases to p L∞ = 2.31 kPa, which is equal to the saturated vapor pressure p vs at T L0 = 20 °C. The maximum radius of R 0 = 0.1 mm (R max = 0.18 mm) is 13% larger than that of R 0 = 0.09 mm, and is 13% smaller than that of R 0 = 0.11 mm. The time at R = R max is also different from each other. Obviously, for quantitative prediction of the motion, it is necessary to determine the initial bubble radius with the accuracy O(1 μm).
The effect of the reduced liquid pressure is shown in Fig. 10 Vol. 3, No. 8, 2008 0.95p vs (= 2.20 kPa), p vs (= 2.31 kPa), and 1.05p vs (=2.43 kPa), respectively. The figure shows that the behavior of the vapor/gas bubble is particularly sensitive to the liquid pressure. Only the 100 Pa difference yields the completely different behavior. Thus, careful measurement of p L∞ is necessary for quantitative predictions of the bubble motion.
Careful measurement is also needed to determine the liquid temperature. Figure  11 shows the bubble motions in the case where T L0 = 19, 20, and 21 °C. The saturated vapor pressure is 2.17 kPa at 19 °C, 2.31 kPa at 20 °C, and 2.46 kPa at 21 °C. The initial bubble radius is 0.1 mm, the atmosphere pressure was assumed 100 kPa, and the low-pressure was set 2.20 kPa, which is lower than the saturated vapor pressure at 20 °C. The growth rate at T L∞ = 21 °C. is twice as much as that at T L∞ = 20 °C.
These simulation indicates that the accuracies for initial radius, pressure and temperature measurements must be O(1 μm), O(0.1 kPa) and O(0.1 °C), respectively. Our experiment satisfied these requirements.
Conclusions
The radial motion of a vapor/gas bubble in varying pressure fields was examined experimentally and numerically. The mathematical model was formulated to simulate the motion in precise but cost effective. The shock-tube experiment was conducted to obtain the time-dependent radial motion with sufficient precision. The experimental data was compared with the numerical prediction based on this mathematical model. Finally, numerical simulation was performed to elucidate the sensitivity of typical experimental conditions: initial bubble radius, liquid pressure and temperature.
This work reveals that the predicted R-t curve based on this model agrees quantitatively well with the experiment. The reduction of temperature at the bubble wall is a predominant factor on the bubble growth under superheated conditions, even if the liquid temperature is close to room temperature. Careful determination of the experimental conditions is needed to simulate the growth rate due to rapid evaporation. 
